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Abstract. In this paper we present an abstract framework for construction of Banach 
spaces of distributions from group representations. This generalizes the theory of coorbit 
spaces initiated by H.G. Feichtinger and K. Grochenig in the 1980's. Spaces that can be 
described by this new technique include the whole Banach-scale of Bergman spaces on the 
unit disc. For these Bergman spaces we show that atomic decompositions can be constructed 
through sampling. We further present a wavelet characterization of Besov spaces on the 
forward light cone. 
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1. Introduction 

In the 1980's H.G. Feichtinger and K. Grochenig presented a unified framework for gener- 
ation of Banach spaces of distributions using group representations. Their results published 
in [91 [101 [TT] and [H] are based on a unitary irreducible representation (ir, H) of a locally 
compact group G with left-invariant Haar measure dx. The construction of Feichtinger and 
Grochenig requires that the space of analyzing vectors 

J^T . A w = < u G H I \[Tr(x)u, u)\w(x) dx < oo 

S : 1 Jg 

is non-zero for a submultiplicative weight w : G \— > 1R + . Here (u,v) is the inner product of 
u,v G H. For a non-zero analyzing vector u the space 

O 



H} = \veH 



I (n(x)u, v) \w(x) dx < oo 



a 



is a Banach space, which does not depend on the chosen u G A w . Denote by (H^)* the 
conjugate dual of H w . For a left-invariant Banach function space Y on G define 

CoY = {ve (Hi)* | (x h-> ( v , tt(x)u}) is in Y}. 

Feichtinger and Grochenig show, that CoY is a 7r-invariant Banach space of distributions 
which is isometrically isomorphic to a reproducing kernel Banach subspace of Y. Further 
they construct atomic decompositions and frames for these spaces in the case where the 
analyzing vector u is chosen such that W u (u) is in a certain Wiener amalgam space (see for 
example Lemma 4.6(i) in [P3]). 

In the article [B] the authors gave examples of coorbits for which the space A w is the zero 
space, yet both the construction of CoY and atomic decompositions yield non-trivial results. 
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The present article proposes a generalized coorbit theory, which is able to account for the 
examples from [6j. The idea is to replace the space with a Frechet space S. For square 
integrable representations of Lie groups the space of smooth vectors is a natural choice. As 
an example, the smooth vectors of the discrete series representation of the group 



G={r Q a > o, b e k} c sl 2 



are used to give a complete wavelet characterization of the Bergman spaces of holomorphic 
functions on the unit disc. We further present a wavelet characterization of the Besov spaces 
on the forward light cone as defined in [TJ. This example can be described by the theory of 
Feichtinger and Grochenig, however we include it here as it is of interest in its own right. 
We expect that this construction will generalize to other symmetric cones. 

2. Coorbit Spaces for Dual Pairs 

Let S be a Frechet space and let S* be the conjugate linear dual equipped with the 
weak topology. We assume that S is continuously imbedded and weakly dense in S*. The 
conjugate dual pairing of elements v G S and G S* will be denoted by (4>,v). Let G 
be a locally compact group with a fixed left Haar measure dx, and assume that (tt, S) is a 
continuous representation of G, i.e. g n(g)v is continuous for all v G S. As usual, define 
the contragradient representation (tc*,S*) by 

(ir*(x)(f),v) = (<fi,Tc(x- l )v}. 

Then 7r* is a continuous representation of G on S*. For a fixed vector u G S define the linear 
map W u : S* -> C{G) by 

W u {4>){x) = (<p,n(x)u) = (n*(x- x )<j>,u). 

The map W u is called the voice transform or the wavelet transform. If F is a function on G 
then define the left translation of F by an element x G G as 

£ x F(y) = F(x~ 1 y) 

If Y is a space of functions, then Y is called invariant if £ X F G Y when F G Y . In the 
following we will always assume that the space Y of functions on G is a Banach space for 
which left translation is continuous and convergence implies convergence (locally) in Haar 
measure on G. Examples of such spaces are L P (G) for 1 < p < oo and any space continuously 
included in an L P {G). 

Assumption 2.1. Assume that there is a non-zero cyclic vector u G S satisfying the follow- 
ing properties 

(Rl) the reproducing formula W u (v) * W u (u) = W u (v) is true for all v G S 

(R2) the mapping Y 3 F \-t j G F(x)W u {u)(x~ l ) dx G C is continuous 

(R3) if F = F * W u (u) G Y then the mapping S 3 v i->- J F(x){tt*(x)u,v) dx G C is in S* 

(R4) the mapping S* 3 </> t-> J (4>,ir(x)u){ , K*(x)u,u) dx G C is weakly continuous 

A vector u satisfying Assumption 12.11 is called an analyzing vector. Note that assumption 



(R2) and the left invariance of Y ensure that the convolution 

F*W u (u)(y)= [ F(x)W u (u)(x- l y)dx 



a 
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is well-defined for all F G Y at every point y G G. If F = F * G K then (R3) implies 

the existence of a unique G 5* such that 



((f), v) = / F(x)(n*(x)u,v) dx. 
Jg 

This is denoted tt*(F)u. Also (R4) implies that there is an element t> G S 1 such that 

(0, v ) = / (0, tt(x)u) (tt*(x)u, u) dx 



for all G S*. This ensures that the vector v <E S can be weakly defined by 

v = n(W u (u) v )u = [ W u {uY{x)ii{x)udx 



JG 

where we have used the notation f y (x) = f(x~ l ). 
Define the subspace Y u of Y by 

Y u = {FeY\F = F*W u {u)}, 

then the following result holds 



Lemma 2.2. If F and u satisfy (R2), then the space Y u is closed and hence a reproducing 
kernel Banach space. 

Proof. Let {F n } be a sequence in Y u which converges to F G Y . Then, since we assumed 
that convergence in Y implies convergence in measure, we know that there is a subsequence 
F nk which converges to F almost everywhere. F* W u (u)(y) is defined for all y by assumption 



(R2) and we see that for a fixed y outside a null-set 

\F(y) - F * W u {u){y)\ < \F(y) - F nk (y)\ 

+ \F nk (y)-F nk *W u (u)(y)\ 

+ \F nh *W u {u){y)-F*W u {u){y)\ 

The first term can be made arbitrarily small and the second term is zero. The last term can 
be estimated by 

C\\£ y -iF nk - £ y -iF\\ Y 

by assumption (R2) and the left invariance of Y ensures that it can be made arbitrarily small 
(using that F nk converges to F in norm). Therefore F = F * V u (u) almost everywhere and 

FeY u . □ 

Define the space 
(1) Co^F = {0 G S* | WM G Y} 

equipped with the norm ||0|| = ||W u (0)||y. The space Co$Y is called the coorbit space of Y 
related to u and S. 

Theorem 2.3. Assume that Y and u satisfy Assumption \2.1\ then 

(a) W u (v) * W u (u) = W u {v) for v G Co u s Y . 

(b) The space Co^Y is a n* -invariant Banach space. 

(c) W u : Co^Y — > Y intertwines it* and left translation 

(d) Co u s Y = {7r*(F)u\FeY u }. 

(e) W u : Co^F — » Y u is an isometric isomorphism 
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Proof. (|a]) We show that the reproducing formula holds for all E S*. The space S is 
weakly dense in S*, so choose a net v a in S for which v a — > weakly in S*. By assumption 



(Rl) the reproducing formula W u (v a ) * W u (u) = W u (v a ) holds for each v a . The continuity 



requirement (R4) gives that 

i-» / (7r*(y _1 )0, tc(x)u) (n*(x)u, u) dx 



(0, it(x)u) (u, 7r(x 
= W^(0)*W u («)(j/) 

is weakly continuous. Therefore Hu(u a ) * W u (u)(y) — )■ W u (0) * W u (w)(?/) for every y E G. 
By assumption W u (v a )(i/) — )■ W u (0)(|/) for all y E G, and we conclude that 

= W u (0) * W u (u)(y) for all y E G. 

This reproducing formula is valid for all (p E S* and hence also for <fi E Co^y C S* . 

Icj) We now show that ||0|| = ||W / u (0)||y is indeed a norm. The only non-obvious property 



is that ||0|| = implies = 0. If ||0|| = then ||W u (0)|| y = and so (0,vt(x)m) = for 
almost all x. The function x t— y (0, tt(x)u) is continuous and thus it is identically zero for 
all x. But u is cyclic in S, so ((f), v) = for all v E S. Thus = 0. This also proves the 
injectivity of W u . 

Next we prove that the space Co^y is complete. Assume that v n is a Cauchy sequence in 
CogY. Then W u (v n ) is a Cauchy sequence in Y u and W u {v n ) converges to a function F E Y u . 



Assumption (R3) implies that E S* defined by 

is in S*, and it follows that 

WM(y) = (</>Mv)u) 



F(x){tt*(x)u 1 Tr(y)u) dx 

F(x) (u, n(x~ 1 y)u) dx 

= F*W u (u)(y) 
= F{y). 

Thus E Go u s Y. 

The definition of tt* and the left invariance of Y ensure that Co^y is 7r*-invariant and that 
W u intertwines n* and left translation: Assume that is in Co^y, then the voice transform 
of 7r*(y)0 is 

W„(7r*(y)0)(x) = (7r*(y)0,7r(x)«) = (0, ^y-^u) = i y W u {(j>){x). 
(p) We now show that iy u (Co^y) = Y u . If E Co u s Y then W u (0) E Y and also W u {(f>) 



W u (4>) * W u (u) EY U . If on the other hand F EY U then F = F * W u {u) and assumption (R3) 
again tells us that there is a E S* defined by 

(0, v) = / F(x)(ir*(x)u,v) dx 
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for v G S. Direct calculation shows that 

W u ((j))=F*W u (u) = FeY 

such that G Co^F. Therefore W u : Co^F —> Y u is surjective. That W u is an isometry 
follows directly from the definition of the norm. 

Above we have shown that for F G Y u there is a G Co^F such that = tc(F)u. If 



on the other hand G Co^F then let / = W u (<f>) = f * W u (u) G F * W„(u). Then by p3) 
7c*(f)u defines an element in S* and 



(n*(F)u, n(y)u) = J F(x)(n*(x)u, ir(y)u) dx 

= F*W u (u)(y) 

= F(y) 

= (<j>,ir(y)u). 

This shows that tt*(F)u and agree for all n(y)u, and since u is cyclic in 5, it follows that 
%*(F)u = it*(F)u and are the same element in S*. □ 

Theorem 2.4. // Assumption \2.1\ holds for u and a Banach function space Y then it also 
holds for any quasi Banach space Y continuously included in Y . In particular Co u s Y is a 
well-defined quasi Banach space satisfying Theorem \2.tft and Co u s Y is continuously included 
in Co u s Y. 



Remark 2.5. If we replace condition (R2) by the assumption that the mapping Y 3 F \— > F* 
W u {u) G Y is continuous, then Y u = Y* W u (u) and the convolution operator F ^ F*W u (u) 
is a continuous projection onto the image of W u . This is the version of the assumptions found 
in [6] and in [5] . However we have opted for the more general assumption which only ensures 
the existence of the convolution. The reason for this is that we aim at giving a wavelet 
characterization of Bergman spaces related to symmetric cones, in which case the projection 
might not be defined (see [21 [Q). Further it is often easier to show that the function W^(ip) 
is in the dual of Y rather than Y * W^(ip) C Y. 

Remark 2.6. Theorem 4.2(i) in [10] states that CofgY is continuously included in ("H^J*, 
and Theorem 4.5.13(d) in [18] states further that V} m is continuously included in CofgY. It 
is an open problem whether similar statements are true for S, Co^Y and S*. 

The following theorem tells us which analyzing vectors will give the same coorbit space. 

Theorem 2.7 (Dependence on the analyzing vector). If U\ and Ui both satisfy Assump- 
tion \2.1\ and for i,j G {1, 2} the following properties hold 

• there are non-zero constants Cij such that W Ui (v) * W Uj {ui) = CijW Uj (v) for all v G S 

• Y u . 3 f i-)- / * W u .(ui) G F is continuous 

• S* 3 ' — y f (4>,Tr(x)uj)(ir*(x)ui,Uj) dx G C is weakly continuous 
then Co^F = Co^ 2 F with equivalent norms. 

Proof. Assume that u\ and U2 are two analyzing vectors, i.e. they satisfy the properties 
Assumption 12.11 We claim first that 

W ui (v) * W U2 (u!) = c h2 W U2 (v) 
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for all v G S*. With v G S this is true by the assumption. The space S is weakly dense in 
S* and therefore the identity W ui (v) * W U2 (ui) = ci j2 W U2 (u) is true for all v G S*. This is 
verified by applying the third continuity condition to the integral 

W ui (v) * W U2 (u 1 )(y) = J (TT*(y~ 1 )v,7r(x)u 1 ) (tt*(x)u 1 ,u 2 ) dx. 

If W Ul (v) G Y then W Ul (v) G Y Ml and W Ul (v) * W U2 (ui) = Ci )2 W U2 (v) G Y by assumption. 
The continuity assumption gives the inequality 

WuM\W = Cl t l\\W Ul (v) * W U2 ( Ul )\\y < C\\W Ul (v)\\y. 

Symmetry then gives us that Co^Y = Co^Y with equivalent norms. □ 

In the following we will describe how the choice of the Frechet space S affects the coorbit 
space. We will show that there is great freedom when choosing S. 

Theorem 2.8 (Dependence on the Frechet space). Let S and T be Frechet spaces which are 
weakly dense in their conjugate duals S* and T* respectively. Let tt and tt denote represen- 
tations of G on S and T respectively. Assume there is a vector u G S and u G T such that 
the requirements in Assumption \2.1\ are satisfied by both (u, S) and (u, T). Also assume that 
the conjugate dual pairings of S* x S and T* x T satisfy (u,tt(x)u)s = (u,7t(x)u)t for all 
x G G. Then Co^Y and Co^y are isometrically isomorphic. The isomorphism is given by 
W u W-\ 

Proof. Let W u (<f))(x) = (<f>,ir(x)u)s for G Co^Y and Ws(v')(x) = (v',tt(x)u)t for v' G 
Co~Y. Since it is assumed that W u (ir(x)u) = Wu(tt(x)u) for all x G G the spaces Co u Y and 
Co~F are both isometrically isomorphic to the space Y u = Y%. The isomorphism between 
Co u s Y and Co^Y is exactly W~ l W u : Co s u Y -> Co£y. □ 

Let tt be a unitary irreducible representation of G on Assume that the Frechet spaces 
S and T are 7r-invariant and that (S,1-L,S*) and (T,TL,T*) are Gelfand triples with the 
common Hilbert space "H. Then S D T is 7r-invariant. If we can choose a non-zero vector 
u G S PI T, such that u is analyzing for both S and T, then 

(u,tt(x)u)s = (u,tt(x)u)-h = (u,ir(x)u) T 
and we are in the situation of the previous theorem. We summarize the statement as 

Corollary 2.9. Assume that (S, H, S*) and (T, H, T*) are Gelfand tripples and assume there 
is an analyzing vector u G S fl T such that both (u, S) and (u, T) satisfy Assumption \2. 1\ for 
some Banach space Y , then Co u s Y and CcPfY are isometrically isomorphic. 

If the Frechet space S is continuously included and dense in the Frechet space T, then we 
can regard the space T* as a subspace of S*. With this identification the two coorbit spaces 
will be equal. We state the following 

Theorem 2.10. Let (tt, %) be a unitary representation ofG, and let (S, H, S*) and (T, H, T*) 
be Gelfand triples for which (tt, S) and (tt, T) are representations of G. Assume that i : S — > 
T is a continuous linear inclusion and that there is u G S such that both (u, S) and (i(u),T) 
satisfy Assumption \2.1\ Then the map i* restricted to Co^Y is an isometric isomorphism 
between Co^ Y and Co^Y. 
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Proof. Since the vector i(u) is assumed cyclic in T, we see that i(S) is dense in T, and 
therefore i* : T* — > S* is injective. This allows us to view T* as a subspace of S*. 
Let W u (4>)(x) = (4>,tt(x)u)s and W^ u )(y') = (v', 7t(x)z(u))t- For e Co^F we have 



(2) W u (0) * = / WumyM^^iy-^iu^ndy 

W u {(j)){y){u : -n{y~ l x)u) H dy 



wm * w u {u) 
w u {4>) 



which shows that W u {4>) G Ytfu)- By (R3) there there is an element v' G T* such that for 
veT 

(v',v) T = J W u (<t>){x){ir*{x)i{u),v) T dx. 

Furthermore i*(v') = <ft in S*, since u is cyclic and 

(i*(v'),iT(x)u} s = (v',rr(x)i(u)) T = W u {4>) * W i(u) {i{u)){x) = (<p,7r(x)u) s 

for each x G G. This shows that Co^F C i*(Co^ w) Y). 
If on the other hand v' G Co^ 7, then 

W^(z* = (z*(^),7r(x)w) s = (v',7r(x)i(u)) T = W t(u) {v')(x) G Y 

which shows that i*(tf) G Co^F. This implies that i*(Co^ u) Y) C Co^F. 

That the mapping z* is an isometry when restricted to Co'y Y" follows directly from the 
calculations in (j2j). □ 

Remark 2.11. If (jr, S) is a representation of G and m is a cyclic vector for which it is true 
that (ir*(x)u,u) = (u,ir(x)u) for all x G G and (Rl) and (R4) are satisfied, then (v,w) is 
an inner product on S. The completion H of S with respect to the norm \\v\\-h = \J (v, v) is 
a Hilbert space. The representation tt will then extend to a unitary representation tt on 7/, 
but we will not be able to conclude that n is irreducible. 



Remark 2.12. In general the reproducing formula (Rl) does not imply unitarity as shown in 
[23] . There Zimmermann obtains a reproducing formula from a non-unitary representation. 
It will be interesting to see if it is possible to construct coorbit spaces in this setting. 

The following theorem is a slight generalizaton of [TDJ Theorem 4.9], which in theory 
enables us to apply it to more general coorbit spaces, than the ones treated in [TU] . The 
proof follows that of [TOl Theorem 4.9], but we include it here for completeness. 

Theorem 2.13. Let Y* be the conjugate dual space of Y and assume it is also a Banach 
space of functions. Assume that u G S is a vector satisfying Assumption \2. 1\ for both Y and 
Y* . If the conjugate dual pairing onY*xY satisfies 

(3) (/* W u (u),g) Y *xY = (f,9*W u (u)} Y *xY 

then (Co u s Y)* = Co u s (Y*). IfY is reflexive so is Co u s Y . 

If the conjugate dual pairing of F and F* is the extension of an integral then property ([3]) 
is true. 
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Proof. Define a linear map T : Co^(F*) ->■ (Co^F)* by 

{Tw',<j>) Y *xY = (W u (w'), W u (0))(Cogr)*xCogy 

for w' G Co^(F*) and G Co^F. The map T is a well defined, since W u is a topological 
isomorphism onto its image. 

If T(w') = for some w' G Cog(Y*) then for any / G F we have 

y* x y — 

y*xy 

= {W u (w')J*W u (u)) y *xy 

= (Tw', W~\f * W u (u))) { Co" s Y)*xCo^Y 

= 

since f*W u (u) G W u (Co u s Y). So W u (iu') = in Y* , and by the injectivity of W u : Co^(F*) ->■ 
F* * we conclude that w' = 0. This shows that T is injective. 

Let w' G (Co^F)* and define fe Y* by 

(f,g)y*xY = (w, W~ 1 (g*W u (u))} ( co- s YrxCo^(Y) 
for all g G F. Notice that 

/ * W u {u) = J 

which can be seen by the calculation 

(/ * W u {u),g) Y *xY = (7,9* W u {u)) y *xy 

= W~ l (g * W u (u) * W u (u))) ( cosy)*xCosy 
= («>', ^C 1 ^ * W / «(M)))(Co^y)*xCogy 

— (f,g)Y*xY 

Thus there is a w' G Co^(F*) such that 

f = W u (w') 

Finally for all G Co^F the calculation 

(^'.^(Co-yj'xCosy = (W u (w'), W u ((p)) Y *xY 

= (w', w-\w u {4>) * W u (u))) Y * xY 
= (w',W-\W u ((f ) ))) Y * xY 
= ( w \ 0)(Cogy)*xCo^y 

shows that T(w') = w' and proves that T is surjective. □ 

We now prove that the conditions can be simplified when dealing with unitary represen- 
tations. This is worth mentioning as some of the examples we treat later can be described 
in this manner. 
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Theorem 2.14. Let (7r,H) be a unitary representation and (S,H,S*) a Gelfand triple. Let 
u be a cyclic vector in S such that W u (v) * W u (u) = W u (v) for all v G S* . Assume that for 
the Banach space Y , the mapping 

Y x S 3 (F,v) ^ [ \F(x)\\W u (v){x)\dx G C 

J G 

is continuous, then Co^Y = {(f> G S* \ W u (<f>) G Y} satisfies properties tffflQ) of Theorem \2.!A 

Note that for Y = L P (G) the requirement is in fact a duality requirement, i.e. we require 
that S 3 v !->■ W u {y) G L q {G) is continuous for 1/p + 1/q — 1. 



Proof. The proof follows that of Theorem 12.31 We note that the requirements (Rl) and (R4) 
are used to prove the reproducing formula W u (4>) * W u (u) = W u {4>) for all G S* (which we 
instead have assumed here). 



The continuity in (R2) is easily verified, since the unitarity of 7r implies that \W u (u)(x ^ 



Lastly the requirement (R3) is satisfied for F = F * W u (u) G Y, since the con- 
tinuity of 



S3v^ f \F{x)\\W u {v){x)\dx G C 
Jg 



1 G 

is assumed for all F G Y. □ 

3. Existing coorbit theories 

In this section we show that the coorbit theory of Feichtinger and Grochenig is a special 
case of the coorbit theory for dual pairs. 

3.1. Coorbit theory by Feichtinger and Grochenig. In the following let (jr, T-L) be a 
irreducible unitary square-integrable representation on a locally compact group G. Then the 
Duflo-Moore Theorem [7] ensures that we can choose a^O, such that wavelet coefficients 

W u {v) = (v,tt(x)u) 

satisfy a reproducing formula 

W u (v) * W u {u) = W u (v) 

for all v G "H. Let Y be a left invariant Banach function space continuously included in 
L\ oc (G). Since convergence in L} oc (G) implies convergence locally in Haar measure, the same 
is true for Y . Define the weight 

W(X) = SUp — -r— , 

||F||r=l W^WY 

and assume that the space 

nl = {ven | w u (v) g Ll} 

contains u (and thus is non-zero) and equip it with the norm 

Nki = l|w»lk- 

Denote the conjugate dual of T-C^ by (H^,)*, and define the coorbit space 

Co FG Y = {0 G (Hi)* | W u (<j>) G Y}. 

Feichtinger and Grochenig prove, among other results, that Co fgY is a tt- invariant Banach 
space. 
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Let us verify that the construction of Feichtinger and Grochenig satisfies the assumptions 
of Theorem 12.141 The 7r-invariance of l-i l m ensures that 'H} w is dense in H. Further H is 
weakly dense in (Hi,)* (using the weak* topology ("Hi,)*; see [18j Lemma 4.5.8(b)]). Thus 
("H^,"H, (Hi,)*) is a Gelfand-triple when (Hi,)* is equipped with its weak* topology. It is 
shown in [H] Corollary 4.9 that if ^ u G H^, then u is cyclic in 'K\ ] . Furhter, since 'H} w 



is contained in H, the reproducing formula holds for V} w and thus (Rl) is satisfied. The 
mapping 



i — y 



((p, 7i(x)u)(7i(x)u, u) dx < || W, 



L~,JWJu)\\ Ll g 



1/ 



is (strongly) continuous and thus also continuous if (7^)* is equipped with its weak topology. 



We have verified (R4) 



The assumptions on the weight w and W u (u) G L l w ensure that Y * L l w C Y and F i-> 
1-^1 * |W u (w)| is continuous. Thus the function E = F * G K is reproduced by 

E = E * W^m) and it is shown in |10j Proposition 4.3 (iii) that 



J F(x)W u (u)(x- 1 )dx\ = \E(e)\ = \{W v (u),E)\ < C\\E\\ Y = C\\F * W u (u) \\ Y < \\F\ 



Y; 



G L^ w and therefore 



which proves that (R2) holds. The same proposition tells us that E 

tt(E)u G (Hi,)* thus proving (R3) This shows that CopcY is indeed a special case of the 
general construction. 

The proofs of the theorems by Feichtinger and Grochenig rely on Wiener amalgam spaces, 
which we briefly introduce here. For a compact neighbourhood Q of e G G let 1q be the 
indicator function on Q and define the control function 

K Q (F)(x) = \\(l x l Q )F\\ L ~. 

Then the space VK(V) defined by 

W(Y) = {FeY\K Q (F)eY} 

with norm ||.F||w(y) = ll-^QC^OIIy does not depend on Q (up to norm equivalence). These 
spaces were used to verify properties (R2) and (R3) These requirements are often easier to 



prove by duality (see Theorem 12.141) allowing us to avoid the Wiener amalgam machinery. 



3.2. Coorbit theory for quasi-Banach spaces. In Rauhut introduces coorbits for 
a quasi-Banach space Y. The notation in this section follows that of the coorbit theory by 
Feichtinger and Grochenig. In order to define coorbits, Rauhut uses Wiener amalgam spaces. 
Rauhut defines the coorbit for Y to be the space 

C(Y) = {/ G (Hi)* I W u (f) G W(Y)} = CoW(Y). 

The use of W(Y) ensures that the convolution by W u (u) G L x w is defined, while convolu- 
tions on quasi-Banach spaces are generally not defined. In |20j is is shown that VK(Y") is 
continuously included in Ly w (G) (which is a Banach space for which the properties in As- 
sumption [2J] can be verified with S = 7i^). By Theorem 12.41 it then follows immediately, 
that C(Y) is a quasi-Banach space. 

If w is a weight for which W u {u) G L x w it is in fact possible to define coorbit spaces for any 
quasi-Banach space Y' continuously included in Ly w . In particular the space Y' = Y C\Ly w 
can be used. In the case of the modulation spaces described in [12] it turns out that W(Y), 
Y fl Ly w (and even Y) give the same coorbits. If this is the case in general we do not know. 
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4. Bergman spaces on the unit disc 

Let D be the unit disc in C equipped with area measure dz. For 1 < p < oo and a > 1 
the Bergman spaces are the classes of holomorphic functions 

A£(B) = {/ e 0(D)|||/||^ (D) = jf 1/(^)^(1 - |z| 2 r a cfa < oo}. 

In this section we give a wavelet characterization of these spaces. 



4.1. Coorbits for Discrete Series. Let G C SL2(R) be the connected subgroup of upper 
triangular matrices, i.e. 

'a b 
a- 1 

with left-invariant measure Through the Cayley transform this group can be regarded 
as the subgroup of SU(1, 1) consisting of matrices 



G 



a> 0,b e 



( a 


) 






a J 





b — i(a — a 1 
For real numbers s > 1 the pairing 

( UiV ) 8 = l^l [ u (z)v(zj(l - \z\ 2 ) s - 2 dz = / u(re i0 )^j^)(l - r 2 ) s - 2 r dr d8 

f in ^ Jo 

is an inner product on the Hilbert space 

H s = A 2 S (B) = {ve 0(B)\(v,v) s < oo}. 
The discrete series representations (Tr s ,H s ) are defined by 

Since G acts transitively on the disc D an argument by Kobayashi [16] shows that tt s is 
irreducible. From now on we denote by u the wavelet in T-i s which is identically 1 on the disc 

u{z) = l®{z). 

Then the wavelet coefficients W£(u) for s > 1 can be calculated explicitly as 

W°(u)(a, b) = (u, 7r s (a } b)u) = 2 s (a + a' 1 - ib)- s . 
The following basic fact is useful to us 
Lemma 4.1. 



((a + a" 1 ) 2 + 6 2 )~'a r ^^ < oo 



if and only if 2(1 — t) < r < 2t. 



This shows that the representations tc s are square integrable for all s > 1 and integrable 
for s > 2. That tt s is not integrable for 1 < s < 2 turns out to not matter for the construction 
of coorbit spaces for these representations. 

Given the submultiplicative weight w r (a,b) = 2 r [(a + a~ 1 ) 2 + b 2 \l 2 for r > 0, let L p r (G) 
denote the space 

L p r (G) = { f\\\f\\ L * =(! \f(a,b)w r (a,b)\ p ^) 1P < oo 
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We now construct coorbit spaces for the representations n s related to the spaces LP(G). For 
this we use the smooth vectors of the representation ir s . The following characterization of 
the smooth vectors and its dual can be found in [17] and more generally in [3]. 

Lemma 4.2. The smooth vectors T-Lf for tt s are the power series Yl'kLo akzk f or w ^ich there 
for any m exists a constant C such that 

\a k \ <C {s _ m (1+AO • 

The conjugate dual Ti~°° of this space consists of formal power series Y^k=o^kZ k for which 
there is an m and a constant C such that 

By [22] P- 254 we know that Hf is irreducible if and only if Ti is, and thus u is cyclic in 
Hf ■ Furthermore the smooth vectors are weakly dense in the dual "H~°°. 

Theorem 4.3. The spaces Co^ooLJ? are non-zero n s -invariant Banach spaces when 2 — s < 
r + 2/p < s. 

Proof. We show first that the mapping 

L?(G)9/-> / \f(a,b)\\W:(u)(a,b)\^ER 
Jg a 

is continuous for 2 — s < r + 2/p. First assume that p > 1 and let 1/p + 1/q =, then 

dadb f , „, , S1 , . s , .^,„,„, w ,,,dadb 



\f(a,b)W:(u)(a,b)\^= / \f(a,b)\w r (a,b)w_ r (a,b)\W:(u)(a,b)\ 



cr / cr 



C\\f\\% ((a + a-^ + b 2 )-^ 2 -^ 2 



dadb f , , , . „ . , , , s: „dadb 
da db 



< I \f( a ,b)w r (a,b)\ P — / \w- r (a,b)W:(u)(a,b)\ q — 

a j a 



a 2 ' 

The last integral is bounded if and only if 2 — (s + r)q < and this can be rewritten to the 
condition that 

2 

2 - s < r + -. 

P 

If p = 1 then the integral 

\f(a,b)W:(u)(a,b)\^< ll/lkKH^IU 



2 

P' 

Next we show that for a given f E TP r the mapping 



is finite if s + r > and in particular if 2 — s < r + p 



?C 3''^ / / fXa,b)W:(v)(a,b) da<Jh 




a 2 

is continuous for 2 — s < r + 2/p. Let v be a smooth vector with expansion J2T=o a k zk '■ Since 
W^(;z fc ) = a~ s ((3/a) k it can be shown that 

oo 
fc=0 



|W»(o,6)l<|W u »(a,6)|X; 
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Therefore |W*(u)| < C„|WJ(w)| where the constant C v depends continuously on v. Thus we 
only need to require that the integral 

\f(a,b)W:(u)(a,b)\^ 

is finite, which we have proven above. 

Lastly, by Lemma 14.11 we see, that u is in the coorbit space for r + 2/p < s . Thus the 
coorbit space Co^L? is a non-zero Banach space when 2 — s < r + 2/p < s. □ 

In the next section we will prove that the spaces defined in Theorem 14.31 are in fact 
Bergman spaces. This was mentioned in [H Section 7], but not many details were given. 

4.2. Continuous Description of Bergman Spaces. We start with a lemma 

Lemma 4.4. Assume that 2 - s < r + 2/p < s. If f 6 A p ,,, 2 then f G H^ 00 . 

Proof. We need to estimate the coefficients bk where f(z) = YlT=o^kZ h ■ For this let us first 
estimate /^(0). The condition on s,r andp means in particular that (s — r)p/2 — 1 < (s — l)p 
and we can use Theorem 1.10 in [15] to get 



n Jn (1 - zw) s 

Differentiate under the integral sign k times (which is allowed when for example \z\ < 1/2) 

f^(z) = (s-l)s(s + l)...(s + k-l) [ f(w) { }- H2) °~ 2 k w k dw 

Jo V 1 ~ zw ) 

and insert z = to get 

/( fc )(0) = (s - l)s(s + 1) . . . (s + k - 1) f f(w)(l - \w\ 2 ) s - 2 w k dw. 

Jn 

The absolute value of the integral can be estimated by 

|/H|(1 - \w\ 2 ) s - 2 dw = [ \f(w)\(l - \w\ 2 ) {s - r)/2 - 2/p (l - \w\ 2 Y s+r)/2 - 2/q dw 

Jm 



< 



1/9 



The last integral is finite when 2 — s < r + 2/p, and therefore the coefficients b^ can be 
estimated by 

< c \\J\\a^ 



Let r = \s] then we can estimate 

( ' S " 1)1 < (T + f = (r + jb-l)(T + jb-2)---(l + jfe)<T T (l + A ; r 



v 

t terms 



k\ ~ k\ 
and since r is fixed there is a constant C such that 

This shows that / € "H^ 00 . □ 



2r 
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Theorem 4.5. The spaces A? s _ r s , 2 (D) correspond to the coorbits Co^ooI/^(G) from Theo- 
rem \4.3\ for 1 < (s — r)p/2 < (s — l)p + 1. 

Proof. Assume that / 6 A^ s _ r ^ 2 (B>). We already know that / e H" 00 , so we can find the 
wavelet coefficient of / 

s- 1 



WJ(/)M) = / /(z)7r s (a,6Mz)(l-|z| 2 ) s - 2 dz 

^/ D ^(^"-N ! )- !i 

8-11 f Mir^H-M')" 1 ** 

a ' 



7T a s J D (1 - |z) 

1 rffr 



'(§)■ 



cr va 

In the last step we applied Theorem 1.10 in (15] provided that (s — r)p/2 — 1 < (s — l)p. 
The function : G t— >■ © given by 

, \ a 2 + 6 2 -l . -26 
0M)= (l + a) 2 + ^ + V + a) 2 + & 2 

is a bijection, and /3/a can be rewritten as 

§_ _ 2(ab) , (Q 2 ) 2 + (^) 2 -l _ ■ , r 2 i\ 

a (1 + a 2 ) 2 + (ab) 2 + % (1 + a 2 ) 2 + (a&) 2 W ' j ' 

Therefore 

= 7 T S . hV f(i<l>(a 2 ,ab)). 
(a + a 1 — 2o) s 

Then taking L^(G)-norm of and changing to an integral over the disc we get 
-tIt" / IW/)(a,6K(a J 6)|P^= / ^ — ^ , 91 , > . A f{i(j>{a 2 , abW^f- 

2 {s+r)p J Q \ u\J )\ ■> I r\ , )\ a 2 J g [( a + a -l)2 + & 2] ( S -r)p/2 I ^ YK , ,;| q2 

' -\f{i<t>{a,V~ab))\ da(lh 



1 \fma,bw dadb 



1 



a 2 



G 



(l + a) 2 + 6 2 



(s-r)p/2 f7 fl r/fo 



a 2 



2 / (l-|z| 2 )^>/ 2 |/(zz)r — 



(1 - |z| 2 ) 2 



We now show that an element of the coorbit space is in the Bergman space. Since any 
/ G Hf is in A 2 (©) we know that 

^(/)M) = -^/(§) 

or Va/ 
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by Proposition 1.4 in [15]. Because Hf is weakly dense in this equality also holds for 

/ G Hs°°- Therefore the calculations above are valid, and if / G Co^^ L^(G) then / is also 
^ A* a _ r)p/2 (B). " ' □ 

4.3. Discretization. In this section we obtain sampling theorems and atomic decomposi- 
tions for the Bergman spaces by use of the wavelet transform. We point out that these 
results include the non-integrable representations which cannot be described by the work of 
Feichtinger and Grochenig. 

Lemma 4.6. The mappings />->•/* W£(u) and />->/* are continuous Lf(G) — > 

14(G) fors>r + 2/p. 

Proof. In the following denote by F s the absolute value of the wavelet coefficient belongning 
to n s , i.e. F s (a,b) = \(u,ir s (a,b)u)\ and notice that 

F s (a,b) = W- S (a,b) 

In the calculations below we make some assumptions in order for the estimates to be true. 
At the end of the proof we collect these assumptions. 

Let p > 1 and assume that / G 14(G). Let q such that 1/p + 1/q = 1 and further let t be 
such that the following calculations hold (we will investigate this later) 

f(a,b)F s ((a,b)- 1 (a 1 ,b 1 )) d( " Jh 



a 2 



<( I I |/(a,&)|| W _ r _ s(1/p ^ 



a 2 



<(// |/(o,6)|«;_ fl ^((o,6)- 1 (oi ) 6 1 ))o-*^) 
a t ^w rq ^((a,b)- 1 (a 1 ,b 1 )y ^ 




da db s 
da db\p/i 



We know that \w r ((a, b))\ = \w r ((a,b) 1 )\ so the second integral becomes 

a* ff |ty rff _ a ((ai,6i)" 1 (a,6))| = f /"(aai)' 9 K 9 _ s ((a, &))| ^ & 



= Ca[ q 

provided that w rq - s (a,b)a tq G L X (G). Thus we get 

dadb p 



/(a,6)F a ((o,6)- 1 (ai,6 1 )) 



a 2 



da db 



<Ca? J J |/(o,6)|"o-*|«;_^.((o ) 6)- 1 (o 1 ,6 1 ))|^ 
and we can estimate the norm of / * F s using Fubini's theorem 
\\f*F s \\ LPr <C Jill |/(a,6)ra-^_ rp _ s ((a,6)- 1 (a 1 ,fo 1 ))^ Wrp (a 1 ,6 1 )af^^ 

= C (I \f(a,b)\^ 1 1 \w^ s ((aM-\a l M))\wrMM)a t r 
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A change of variable and using submultiplicativity of the weight w rp then gives 

= C J J \f(a,b)\ p a- tp J J w- rp - a ((oi, bx))w rp {{a, b)(a u b 1 ))(m 1 ) tp dai j^ 1 
<CJJ \f(a,b)\ P w rp (a,b)^ J J w. s {{a 1 M))a t r d -^ 

<c\\fU, 

where we in the last inequality have assumed that w- s (ai, bi)af G L l (G). 

To sum up the map / t— > f * F s is continuous if we are able to choose a t such that both 
w rq _ s (a, b)a tq and w_ s (a, b)a tp are in L 1 (G). This is the case if both 2 — s + rq < tq < s — rq 
and 2 — s < tp < s and such a t can be shown to exist if and only if r + 2/p < s. 

For p = 1 Fubini can be applied immediately and the requirement becomes that w r - s (a, b) 
is integrable. This is the case if 2 + r < s, so the result also holds for p — 1. □ 

The key to finding atomic decompositions will be the following result 

Lemma 4.7. For each e > t/iere zs a neighbourhood U of the identity such that 



W°(u)((a,b)(x,y)) 1 



< e 



/or (a, 6) G C/. 

From this result follows easily 

Corollary 4.8. There exist a neighbourhood U of the identity and constants Cx, > such 
that 

C x \W^u){x,y)\ < \WS(u)((a,b)(x,y))\ < C 2 \W:(u)(x,y)\ 

for all (x,y) G G with (a,b) G U. These constants can be chosen arbitrarily close to 1, by 
choosing U small enough. 

Proposition 4.9. Let V C U be compact neighbourhoods of the identitiy. Assume that the 
points {xi} are V -separated and U -dense and that U satisfies Corollary \4-S[ Let {ipi} be a 
partition of unity for which supp(^j) Q x$J ■ Define the sequence space 

^ = {(Ai)|||(A0ll4= (J2\^r(x l )\ p ) 1/P }. 

iel 

Then the following is true 

(a) The mapping £ p 3 (Aj) i-> ^\ \i£ Xi W£(u) G L P (G) * W£(u) is continuous. 

(b) The mapping L P (G) * W£(u) 3 f >->■ (f(xi))iei G £ P .(I) is continuous. 

(c) The mapping L P {G) * W*(w) 3 f i— > (f G f(x)ipi(x)dx)i e i G £ P (I) is continuous. 

As in [13] sums are understood as limits of the net of partial sums over finite subsets with 
convergence in L P {G). 

Proof. First note that the norms on l p and L P (G) are related in the following sense (where 
C and D are constants) 



||(A,)||^<L7||^A l w|| LP < J D||(A l )||^. 
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The convolution in L^(G) with |W*(u)| is continuous (see Lemma |4"U|) and we will denote 
the norm of this convolution by D p . Further assume that we have chosen U and constants 
C\,Ci satisfying Lemma H~T1 and Corollary 14.81 (|gj) If (A*) G t v T then the function 

/ — z2 

i 

is in L%(G) and ||/||lp(g) > G||(Ai)||^. Convolution with is continuous so 

% 

is in L v r {G). Now let us show that the function l x . v * \ W*(u)\ is bigger than some constant 
times £ Xi \W*(u)\. 



l^vizWMiz^ldz = / \W:{u){z~ l x^y)\dz>C\W:{u){xfy)\. 

Jv 

This shows that 

| w*< w: (u) ( y ) I < i *i i i w u («) {*7 l y) i 

i i 

<cY^\K\U iV *\W°(u)\(y) 

i 

= cf*\w:( U )\. 

Since / * \ W°(u)\ G L p r (G) the sum £\ A;4.W*(u) is in L£(G) with norm 

|^A i 4 i w>)| i| ,<c'||/*|w>)||U ? 

i 

<^||/|b 

<C||(Ai)ll«- 

We have thus obtained the desired continuity. The sum E» ^dxiW^(u) is to be understood as 
a limit in L%(G) and since convolution with W£(u) is continuous we get from the reproducing 
formula that £\ A^W'Cu) G L£(G) * 

(jb]) We need to show that {f(%i)} is in £5?, but this is the same as showing that g = 
E< I/OOI W is in L P (G). But / G L£(G) * so 

£ 1/(^)11^(2/) < E l/l * I ^» 10*) W(V) = / l/(*)l E IW'CTi)^*)! W(y)cfe. 

For each y at most one z adds to this sum, namely the % for which Xi G yV~ x . Therefore 
^m(u)(z- 1 x i )\l aiV (v) < supl^'MCs-V -1 )! < G 2 K(«)(^ 1 y)| 

by Corollary 14.81 We then get 

Y J \f(^My)<C2 [ \f(z)\\W°(u)(z- l y)\dz = C 2 \f\*\W°(u)\(y) 



and finally 

wmwe < c,Di 
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fcj) We have to show that the function 
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^2 ( / f( x )i J i( x ) dx ) 1 x t 



V 



is in L p r (G). We get that 

\Yl{j f( x )^i( x ) dx ) l ^v{y) < J \f{x)\^2ipi(x)l XiV (y)dx 



iei 



and since 



we obtain 



^ipi(x)l x . v (y) < ^2l XiU (x)l XiV (y) < lu-i v (x l y) 



\Yl{J f( x )^( x ) dx ) l ^v(y) ^ J \fi x )\ l u~w{ x l y)dx = \f\ * lu-i v (y). 
The last function is in L^(G) with norm continuously dependent on /, i.e. 

<C\\f\\a 



Yl{f f( x )M x ) dx ) 



for some C > 0. 



□ 



Proposition 4.10. We can choose a compact neighbourhood U , V -dense points {xi} and a 
partition ipi of unity with supp^j) C XiU such that the operators Ti, T 2 , T 3 : L p {G)*W^{u) — > 
L%(G) * W£(u) defined below are invertible with continuous inverses 

(a) T x f = J^i f{xi)ipi * W°(u) 

(b) T 2 f = EiCif(xi)i Xi W:(u) with a = fifa) 

(c) T 3 f = Ei ( / f(?)Mx) dx ) 

Proof. For each neighbourhood of the identity U we can pick [/-dense points {x{\ such that 
{x^ are l^-separated for some compact neighbourhood of the identity V satisfying V 2 C U 
(see [18, Thm 4.2.2]). Thus we can pick U in order to satisfy the inequality in Lemma [4.71 
for any e. 

Denote by D p the L v r operator norm of convolution by W*(u). 
(|aj) Let / G L$(G) * W£(u) and investigate the difference 

f(x) -Y,f( x i)M x ) = - A**))^ 

i i 

For x G supp(-^i) Q XiU we get 

\f(x)-f(x t )\< I If^WW^iz-^-WMiz-'x^dz 

W:(u)(z- 1 x l 



i 



W:(u)(z- l x)\dz <e \f{z)\\W:{u)(z~ l x)\dz 



W^u^z^x) 

= €\f\*\W&u)\{x). 

This means that 

- £ /(xO^(x)| < eJ2 l/l * |W'(ti)|(x)^(x) = c|/| * |WJ(u)|(x). 
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This function is in L%(G) and 



< cD, 



Convo luting this expression by W£(u) we get 

z — ✓ LP ^ 

i 

Letting U be such that e < -D~ 2 , we obtain an operator T\ such that \\I — Ti|| < 1 as an 
operator on L v r {G) * W£(u). Therefore T\ is invertible. 

(jb|) and (jcj) T2 and T3 can be shown to be invertible by calculating their difference from 
the operator 7\. □ 

Remark 4.11. Note that we have avoided the use of integrability in the calculations above. 
This allows us to treat the cases 1 < s < 2 which could not be treated in [9]. 



5. A Wavelet Characterization of Besov spaces on the forward light cone 

The classical wavelet transform is related to the group 1R + x R and the representation 
ir(a,b)f(x) = ^/(a _1 (a; — b)). In the present section we replace M+ with the group 
M + SOo(^ — 1,1) acting transitively on the forward light cone in IR ra . This leads to the 
construction of wavelets and coorbits for the group SOo(n — 1, 1) x M. n . We show that the 
constructed coorbits correspond to Besov spaces for the forward light cone introduced in pQ . 
The representations involved are integrable and thus the theory of Feichtinger and Grochenig 
is sufficient. However we find the construction interesting enough to be included here. 

5.1. Wavelets and coorbits on the forward light cone. We review the wavelet trans- 
form already studied in |3] and [8], and introduce coorbit spaces related to the forward light 
cone. 

Let B(x, y) be the bilinear form on M™ given by 

B(x, y) = x n y n - x n _ x y n _ x ^\V\ 

and let SOo(n — 1, 1) be the closed connected subgroup of GL(n, R) which leaves B invariant. 
The group SOq(^ — 1, 1) has the Iwasawa decomposition ANK 



A 



N 



K 



(h 



n c 



cosh t sinh t 

In-2 

sinh t cosh t 
-\c\ 2 /2 -c T 



t E 



c| 2 /2 

2 In _T 1 1 |„|2 



-\c\ 2 /2 -c T l + |c| 2 /2, 
o G SO(n-l) 



c G 



on— 2 



a 
1 



where c T means the transpose of c. 

The forward light cone is the subset A of lR n satisfying 

A = {(xi, . . . , x n ) I B(x, x) > 0, x n > 0} 
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with determinant given by 

Det(x) = ^jB(x,x). 

An element / ~fa t n c k a G R + SOo(n— 1, 1) acts from the left on x G A by matrix multiplication, 
i.e. / ya t n c k a x. This action is transitive on A and the measure Det(x)~ n dx, where dx is the 
Lebesgue measure on M™, is K+SOo(n — 1, l)-invariant. The left-regular representation of 
]R + SO (n- 1,1) on L 2 (A) is 

t(ia t n c k a )f(x) = f(('jatn c k a )~ 1 x). 

The subgroup K leaves the base point e = (0, . . . , 0, 1) T invariant and therefore the group 
H = M. + AN acts simply transitively on the forward light cone, i.e. every x G A can be 
written x = jatrice. In particular if 

/sinht + e*|c| 2 /2\ /xi 
^a t n c e = 7 -c = : 

\cosht + e'|c| 2 /2/ \ Xr 

then 7,t and c are determined uniquely by 

7 = Det(x), c = --f~ 1 (x 2 , . . . ,x n _ 1 ) T , t = -ln(7 _1 (a; n - 27)), 
The left invariant measure on H is given by 

g?7 dc dt 



f f(h)dh = [ f( iat n c ) 

H JH 



7 

where dt,dc and d'j are the Lebesgue measures on IR,IR n ~ 2 and M + respectively. We can pass 
from an integral over the cone to an integral over the group by 

dx f . . d^dcdt 



/ a /w es|f = /„ /(w) 



7 

An integral over the light cone with respect to Lebesgue mesure can therefore be writen as 
an integral over the group in the following way 



f{x)dx= I f('ja t n c e)'j n d'jdcdt. 
Jh 

The right Haar measure on H is given by 

^d'ydtdc 



f^f f(ia t n c )e^ 



7 

The modular function on H is then A(\a t n c ) = e^ 1 ^ 1 satisfying 

f f( x d-fdtdc f d-fdtdc 

/ f{-fa t n c Xa tl n Cl ) = A(Xa tl n Cl ) / f(^a t n c ) 

Jh 7 Jh 7 

and 

/ /((wO-)^ = / /(w !c )A(7a,«o)-'^. 
Jh 7 Jh 7 

Introduce the Fourier transform related to the bilinear form B by letting 



f(w) = T(f)(w) = -jL* [ f{x)e~ iB ^ dx 
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for / G L 1 (M n ). We know that J 7 extends to a unitary operator on L 2 (R n ) and is a topological 
isomorphism from iS(R n ) onto 5(R n ). It acts on convolutions like the usual Fourier transform 



/ * g(w) = v2tt f(w)g(w). 

Denote by <S(R n ) the space of rapidly decreasing smooth functions with topology induced 
by the semi-norms 

| fc ,,= sup sup \D a f{x)\{l + \x\ 2 ) 1 . 



\a\<k x& 

Here a is a multi-index and k, I > are integers. Since J 7 : 5(R n ) — > <S(R n ) is a topological 
isomorphism, we can extend the Fourier transform to tempered distributions in the usual 
way. In this text we work with the conjugate dual iS*(R n ) of iS(R") (in order for it to 
resemble an inner product) and thus we define the Fourier transform for <fi G 5*(R n ) by 

a, i) = (0, f) 

The group G = H ix R n has a natural representation on 

Li = {/GL 2 (R")|supp(7)CA} 

given by 

ir(^a t n c ,b)f(x) = -^f((- i a t n c y 1 (x-b)). 

This generalizes the quasi-regular representation of the group R + K R from the classical 
wavelet transform. In the Fourier domain this representation becomes 

n( iat n c ,b)f(w) = 7 n/2 /(7(a^ c )- 1 «;))e- ii? ^) 

and we recognize that it arises from the left action of H on the cone A, and that J 7 is an 
intertwining operator. The group G has left invariant measure given by 

g?7 dc dt dh 



f(g)dg = j f(n/a t n c ,b) ^ n+1 . 

The following result has a generalization to symmetric cones (see for example [8] and [3]) 
and ensures that wavelets for this representation exist. 

Theorem 5.1. The representation (tt,L\) is square-integrable. 

We introduce the space S\ of rapidly decreasing functions whose Fourier transform is 
supported on the closure of the cone, i.e. 

5 A = {/G5(R n )|supp(/)CA}. 

This space will be equipped with the subspace topology it inherits from 5(R ?1 ). The repre- 
sentation 7r can be restricted to Sa and we denote the resulting representation by (ir, S\) or 
simply 7i. 

Lemma 5.2. Let u G be compactly supported such that < u < 1 and also 1/2 < u < 1 
on a neighborhood U of e. Then u is cyclic in (tt,Sa)- Further let 

C u = [ \u(w)\ 2 Det(w) 2(1 ~ n \w n - wi) n ~ 2 dw. 

J A 

Then the reproducing formula 

W u (v) * W u {u) = C u W u {v) 
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holds for v G S\. 

Proof. The Fourier transform J 7 has the same properties as the usual Fourier transform. The 
calculations below are immediate adaptations of results found in for example [2~Tj Chapter 6 
and 7]. 

Let L be in the conjugate dual of S\ and assume that (L,ir( L 'ya t n c ,b)u) = for all 
(~fatn c , b) G G. Then the Fourier transform can be used to obtain 

(L,Tt(ia t n c ,b)u) = 0. 
Let eb(w) = e~ lB ( b ' w \ The equation above can be rewritten as 



= (L, e b 7r(ja t n c , 0)u) = ((ir(>ya t n ci 0)u)L, e b ) 



which shows that the compactly supported functional {Ti{^a t n c , 0)u)L is equal to (see 
Theorem 7.23]). This means that for all v G <Sa for which v has compact support C C A we 
have the equalities 

(L, VTx{^a t n c , 0)u) = (Ti('ya t n c ,0)uL,v) = 0. 

We will now show that (v, L) is also 0. Since C is compact we can cover C by a finite number 
of translates of U 

m 

C C [JijatnJiU 

i=l 

Define the function 

m 

* = ^7r((7a t n c )i,0)S 
i=i 

which has support containing C (here we use that u is bounded away from on U). Then 
v/ty is in and we see that 

n 

(L,v) = (VL,v/V) = ^2m(jatn c )i, 0)uL,v/V) = 0. 

i=i 

Lastly, any function in S\ can be approximated by a function whose Fourier transform is 
compact, and therefore L = in the conjugate dual of S\. □ 

We will need the following lemma, which corresponds to Lemma 3.11 in pQ. 

Lemma 5.3. /// G Sa and k,l are non-negative integers then there is a constant Ck such 
that 

\fH\<C4fhr D(niir ' 



1+ w 



2\l ' 



We will further need an estimate of the wavelet coefficients of Schwartz functions. The 
estimate actually shows that the wavelet coefficients are integrable. 



Lemma 5.4. The mapping 

• i — y 



/ ^dj dt dcdb m , 

S A 3v^ I \W u (v)( iat n c ,b)\Y \ n+l G R 



is continuous for all r G 
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Proof. First note that the wavelet coefficients can be rewritten as 

W u (f)(ja t n c ,b) = (f,Tr(ja t n c ,b)u) 

= 7™ /2 f f(w)u(-fn_ c a. t w)e- iB ^ b) dw 

J A 

= -bfl n/2 [ ^if(w)u( 7 n_ c a_ t w)}e- iB ^ b Uw 
J a dwf 



where we have used integration by parts twice. Therefore, if L = — Y^k=i ls the Laplacian 
we obtain 

(l + \b\ 2 )W u (f)( 1 a t n c ,b)= 1 n/2 I (1 + L)[J{w)u{7n_ c a_ t w)]e- iB ^ dw 

J A 

If we repeat the argument we are able to obtain 

\W u (f)(lci t n c ,b)\<(l + \b\ 2 )- N l n/2 f \(l + L) N [f(w)u( in - c a- t w)]\dw 

J A 

for any N, thus proving that the wavelet coefficients are indeed integrable in b. We have 
(1 + L) N lf(w)u(jn- c a^ t w)} = p /3 (7n_ c a_ t )9 Q f(w)d p u(^n_ c a-tw) 

\a+fl\<2N 

where a, (3 are multi-indices and pp^n-cd-i) are polynomials in the entries of the matrix 
7n_ c a_ f (see the form of this matrix in (jBJ)). We thus have to show the integrability in j,t 
and v of expressions of the form 

M7n- C a_ t )| 7 n/2 f \d a f(w)d (3 u( 1 n_ c a_ t w)\dw 



A 



A change of variable and use of the fact that C = supp(w) is compact, reduces this to show 
that 

7" n/2 b/3(7^- c a-i)lll^lloo / l^fi^atn^ldw 

Jc 

is integrable. By Lemma 15.31 we can estimate any such expression by 

(4) C fe 7- n/2 b^(7n- c a_ t )|||^|| 00 ||^/||y f ^ ml l n/2 dw 

J c (1 + \-f~ L a t n c w\ 2 y 

for arbitrary k, I. Since the set C is compact, w is bounded away from and we see that 

Ci(l + |7 _1 a(n c e| 2 ) < 1 + ^a^c^l 2 < C 2 (l + |7 _1 a 4 n c e| 2 ), 
and we can estimate (J4]) by 

\pp("/n- c a-t)\l~ k ~ n/2 



(1 + |7 1 a t n c e\ 2 Y 

All that is left now is to show that 

[ b /3 (7^- c Q-f)|7~ A: " w/2 r dqdtdc 
U J H (1 + I7- 1 w| 2 )< 7 7 n+1 °°' 

We split this integral into two cases. 
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Case 1: < 7 < 1 

The expression (jSJ) can be estimated by 

1 b^(n- c a-t)|7 r " fc " 3n/2 " 1 , 
j : — 07 at ac 

1 7 L atn c e\ 21 

1 |p^(7i_ c o_ t )|r a+r - fc - 3n/2 - 1 , , + , 

— j ^r. 07 at etc. 

\a t n c e\ M 

The integral over 7 is finite for < 7 < 1 if I is chosen large enough (and k — 0). Now 

(cosht — e*|c| 2 c T — sinht + e*|c| 2N 
— e*c J e*c 

— sinht — e* I c| 2 c T cosht + e*|c| 2 

and 

(sinht + e*|c| 2 ' 
-c 
cosht + e*|c| 2 

so we see that \pp(n_ c a~t)\ will be dominated by \a t n c e\ 21 > 1 if I > degQog). Thus choosing 
I large enough, the integral in flH]) will be finite. 

Case 2: 7 > 1. 
In this case (jSJ) can be estimated by 

\a t n c e\ 2t J x 

The first integral is finite if I is large enough, and the second integral is finite when k is 
chosen large enough (depending on I). 

To sum up we have obtained the following estimate 

[ \W u (v)( iat n c MY^^<C ll^ooll^lk;, 

JG ^ \a+/3\<2N 

which shows the continuous dependence on v. □ 
Denote by L p ' q (G) the space of measurable functions / on the group for which 

!*• = (/ (/ i/(7^»)r*)*Vffl 1/, <<» 

y Jh y 7 7 ' 

then the integrability of W u (v) shows that 

Lemma 5.5. For u, v e Sa it holds that L p s ,q * W u (v) C L p s ,q and 

L™ 3 F F * W u (v) eL p ' q 

is continuous. 

Further the integrability also shows that for 1/p + l/p' = 1 and 1/q + l/q' = 1 the wavelet 
coefficient W u {y) is in L^f and therefore 
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Lemma 5.6. The mapping 

g?7 dt dc 



S A 3vh^ j \F(ya t n c ,b)W u (v)('yatn c ,b)\ GC 
is continuous for all F G L p,q . 



G " 7 n+1 



This verifies the assumptions for construction of coorbit spaces for the spaces L p s ,q and 
therefore we can define 

Co^Lf* = {$ G S' A | W U (S) G If»} 
Furthermore, Lemma [5.51 shows that this space is independent on the wavelet u. 

Remark 5.7 (Discretization). The representation used for this construction is integrable 
(as we have shown) and therefore the discretization procedure by Feichtinger and Grochenig 
can be used directly. 

5.2. Besov spaces as coorbits. In this section we introduce Littlewood-Paley decompo- 
sitions and a family of Besov spaces related to these decompositions. The construction has 
been carried out for all symmetric cones in pQ and we refer to this article for proofs. The 
last result of this paper is a wavelet description of the Besov spaces. In particular we show 
that the Besov spaces are the coorbit spaces defined in the previous section. 

The group W + A is an abelian group with exponential function exp :Exl-> M.+A given 
by exp(t, s) = e t a s (here e* denotes the usual exponential function on R). Let V r = {(s, t) G 
R x R|s 2 + t 2 < r} and define the ^-invariant ball B r (e) = K exp(V r )e C A. Then for 
w = he G A with h G H we define the ball of radius r centered at w to be 

B r (w) = hB r (e) 

The following covering lemma for the cone can be extracted from Lemma 2.6 in [1] and is 
illustrated in Figure [TJ 

Lemma 5.8 (Whitney cover with lattice points Wj). Given 5 > 0, there exists a sequence 
{wj} C A such that Bg/ 2 (wj) are disjoint and Bg(wj) cover A with the property that there 
is an N such that any w G A belongs to at most N of the balls Bg(wj) (finite intersection 
property). 

We now construct a smooth partition of unity subordinate to a cover from Lemma 15.81 
Let < (f < 1 be a smooth function with support in B 2 s(e) such that ip = 1 on B$(e). Each 
of the points Wj G A can be written Wj = yja t .n C3 e for gj = r )ja t .n C] G M+AA^ and now we 
define fj(w) = tp^g^w). Then the function $ = ^ . ipj is smooth and bounded from above 
and below (by the finite intersection property), and we can finally define the function ipj by 
letting ipj = <fj/&. We then see that ipj is smooth and with compact support in B 2 s(wj), 

ipj = 1 on Bg/ 2 (wj) and J^j^Pji 10 ) = 1 f° r a ^ vj E A. Such a partition of unity is called a 
Littlewood-Paley decomposition of the cone subordinate to a Whitney cover. 

We note that the convolutions encountered in this section are distributional convulutions 
in M n . We are now ready to define the Besov spaces on the light cone as in [1] 

Definition 5.9. Let ipj De a Littlewood-Paley decomposition of the cone subordinate to a 
Whitney cover with lattice points Wj. For 1 < p, q < oo define the norm 

1/9 



b p,= (^Det->,)||/*^||« 

j 
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(c) Cover with translates of B r (e) (d) Translates of B r / 2 (e) have no overlap 

Figure 1. Covering of the cone 



then the space B p s ,q consist of the / G S' A for which H/Hbp.-j < oo. 

In [U Lemma 3.8] it is further proven, that B V S A does not depend (up to norm equivalence) 
on the functions ipj nor on the Whitney decomposition. We will use this in the sequel. 

Theorem 5.10. The Besov space B™ s _ nq , 2 corresponds to the coorbit Cog A LP' q (G) with 
equivalent norm. 

Proof. First show that B™ nq/2 _ n C Co^I^G). Assume that / G B™ nq/2 _ n and that ^ 
is a Littlewood-Paley decomposition of the cone with lattice points Wi = g^e = -yia ti n c .e. 
Further assume that the sets giV cover the cone for an open set V with compact closure. 
Denote by U the subset of H given by U = {g G H \ge G V} Let u £ 5a be a non-zero wavelet 
for which u has compact support containing the identity. By u iamc denote the function 

u^ atnc (x) = 7" n M((7a i n c )- 1 x), 

then 

W u (f)(ia t n c ,b) = 7 " n/2 [ f{x)u{{ iat n c )-\x - b)) dx = 7 n/2 / * u jatnc (b). 
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Let the disjoint sets VJCA cover A and satisfy Vi C g^V . Now choose the subsets Ui to be 
Ui — {g G i?|<?e G \^}. We can then write the L p s ,q norm of the wavelet coefficient as 

<(E/T"-^ii/-^„ji?^)' /a 

-^(,2^ / ll/*^- 1 *^ — - — J > 



where we have used that 7 is comparable to 73 = Det(iUj) when 7a t n c G C/j. For any j define 
(f>ij = £ gj (f>i. Since {<pi}i is a Littlewood-Paley decomposition of the cone the systems {4>ij}j 

(with index j) and {4>i,j}i (with index i) are also Littlewood-Paley decompositions of the 
cone. For fixed i we thus can write ||/ * u 7 -i otflc || p as 



\\f * Uy-i atnc \\p = II V / * u^i atnc * faj < V \\f *u y -i atnc *<f> iJ \\ p . 
1 1 » 



The index set J in this sum is finite, since both u and are compactly supported and Wi 
are well-spread. Further the index set J can be chosen large enough that it neither depends 
on % nor on 7a t n c G C/j. The L 1 (M n )-norm of u 7 -i atTlc is uniformly bounded from above, in 
fact ||u 7 -i at n c ||L 1 (R n ) = || m IIl 1 (k™)) so we obtain that 

||/*W 7 - 1 atnJj> < XI ll/*^J'llp- 

Therefore 

x id r )dtdc\ 1 li 



i JjJ i jeJ 

<c(yj7r-"" 2 (5:ii/*feii P )7 



where we have used that the Ui C g^C/ have uniformly bounded measure. The triangle 
inequality for the £ 9 -norm then yields 



l^(/)IUr < {T,<~ s ~ n9/2 \\f*^M) 1/q 

jeJ i 
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Now set = Det(gjWi) = jijj, then, since the sum over J is finite, each 7^ is comparable 
to ji t j for all j, and finally we obtain 

-\f*o., i} 



jeJ i 

<cj:(j:i:r nq/2 \\f*<i>,x 

jeJ i 

= C H (J2 Det ^r {s+nq/2 ~ n) \\f * m\i 



1/1 



j'eJ i 

Each of the {4>ij}i form a Littlewood-Paley decomposition of the cone, so the terms 

1/9 



^Det(^)- (s+n9/2 - n) ||/* 



'\j\\p 



are Besov space norms. Each norm is comparable to H/IIb^ by IT], Lemma 3.8 and 

s+rtg/2 — n 

expression (3.20)]. This shows, that there is a C > such that 

It remains to show that Co^ A LP ,q (G) C B^ nq ^ 2 _ n . Let be the smooth function with 
support in B 2 s(e) used to generate a Littlewood-Paley decomposition. The coorbit spaces 
are independent of the wavelet u, so we choose u and a compact neighbourhood U C if such 
that £7supp(0) is contained in tt _1 ({l}). It holds that the <7j£7's have finite overlap (the g,'s 
come from the lattice points Wi = g^e which are well-spread). This means that supp(0j) is 
contained in (w 7 -i ain J _1 ({l}) for ■ya t n c G giU . Therefore 0i« 7 -i at n c = 4>i f° r an 7Qt^c £ <?i^- 
We exploit this to see that 



g?7 dt dc 
" 1^1 ri 7 



11/ * 0t||« — 7777 / \\f*4> 



= Fn / \\f *4>i*u 1 -i 
\ u \ JgiU 

<C f II/* it. ^ ii" 



c?7 c?t dc 

7 

o?7 dt dc 



1 l a t n c \\ p 
g t U 7 



where dl dt dc is the invariant measure on the group H. In the last step we used that ||^i||i,i(R») 



7 



is uniformly bounded (see [JJ, Proposition 3.2(3)]). For "ya t n c G gtU we see that 7 is compa- 
rable to 7j. Further the sets ^C/ overlap a finite amount of times, so we obtain the estimate 



Jh 



d'j dt dc 

v 



C / l s+nqlI - n \\f*u Wll 

>H 7 



7 

g?7 (it c?c 
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We use this to find the estimate of the Besov space norm 

ll/lk^ /2 -„ = (E Det ^)- ( ' W2 - B) ii/*0*ii?) 1/9 

i 
i 

= C\\W u (f)\\ Lt ,. 

This proves the equivalence of the norms of the two spaces. □ 

Remark 5.11. The wavelet characterization of Besov spaces on forward light cones seems 
to generalize to all symmetric cones. We will deal with this in future work. 
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